The Minkowski vacuum |0 M , which for an inertial observer is devoid of particles, is treated as a thermal bath by Rindler observers living in a single Rindler wedge [1] as a result of the discrepancy in the definition of positive frequency between the two classes of observers and a strong entanglement between degrees of freedom in the left and right Rindler wedges. We revisit, in the context of a free scalar Klein-Gordon field, the problem of quantification of the correlations between an inertial observer Alice and left/right Rindler observes Rob/AntiRob, previously studied in [2, 3] . We emphasize the analysis of informational quantities like the locally accessible and locally inaccessible information [4-6] and a closely associated entanglement measure, the entanglement of formation. We conclude that, with respect to the correlation structure probed by inertial observers alone, the introduction of a Rindler observer gives rise to a correlation redistribution which can be quantified by the entanglement of formation.
I. INTRODUCTION
The Unruh effect is one of the most important results in Quantum Field Theory in Curved Spacetimes, showing very clearly that the idea of particle is not really a fundamental concept, being observer-dependent [1] -the Minkowski vacuum |0 M which, by definition, is devoid of particles for an inertial observer, is experienced as a thermal bath by one uniformly accelerated observer. The reason for that is twofold: first, such uniformly accelerated has a definition of energy, and hence of positive-frequency, inequivalent to that of the inertial observer. Second, such observer experiences a causal horizon which implies an information loss that renders the pure state |0 M a mixed thermal state.
The setting to study the Unruh effect is to consider a Ddimensional Minkowski spacetime with coordinates (t, x, y i ) and to consider observers which uniformly accelerate either towards the positive x direction or towards the negative x direction. The ones accelerating towards x > 0 are restricted to the so-called right Rindler wedge, U I , defined by x > |t| whereas the ones accelerating towards x < 0 are restricted to the so-called left Rindler wedge, U II , defined by x < −|t|. Both classes of observers are called Rindler observers and some of their worldlines are shown in Fig. (1) , where it is clear that the right and left Rindler wedges are causally disconnected from each other [7] .
The origin of the Unruh effect lies in a strong entanglement between degrees of freedom in U I and U II . In fact, it can be shown [8] that the Minkowski vacuum can be written in a basis appropriate to the Rindler observers as
where one has introduced the so-called squeezing parameter α ω for each frequency by the relation tanh α ω = e −πω/a ,
being a the acceleration parameter of the Rindler observers.
In that case, the Rindler observer is restricted to the right Rindler wedge, and thus is causally forbidden to have knowledge about the degrees of freedom in the left Rindler wedge. Due to the strong entanglement between both regions, this lack of knowledge manifests as a high degree of mixedness for the state locally probed. The different settings where this phenomenon manifest makes it interesting for investigation from a quantum information perspective. Indeed, there are already some relevant discussions on this subject in the literature, such as Refs. [2] and [3] , where the Logarithmic Negativity was employed to qualitatively describe the entanglement in the system [2] and the Quantum Discord was numerically calculated to quantify the presence of an arbitrary quantum correlation [3] . Nonetheless, it would be particularly interesting that the entanglement monotones employed to have an informational meaning behind its definition and to allow extension to further understand open problems related to the description of the physics and description of strongly accelerated bodies.
In this paper we compute both the classical and quantum correlation distribution as locally probed by Alice, who is in an inertial reference frame, and by Rob in the right Rindler wedge, or when probed by Alice and AntiRob, in the left Rindler wedge, and interpret these results in terms of locally accessible and locally inaccessible information [5, 6] . This contrasts with [3] which analyzed just quantum discord for the Alice and Rob bipartition, aiming at answering the question whether or not there are quantum correlations in the nearhorizon limit. We further combine the results to the methods of [4] [5] [6] which enables the computation of the entanglement of formation for the subsystem probed by Rob and AntiRob. The ideas of [4] [5] [6] allow for an interpretation of this entanglement of formation in terms of correlation redistribution. For each measure we have analyzed (mutual information, classical correlations, quantum discord and entanglement of formation) we review its definition and significance and give the plots against acceleration together with the way we interpret it. The paper is organized as follows. In Sec. II we introduce the problem appropriately and review the previous treatments. In Sec. III we develop the basic canonical quantization rules in a curved spacetime. In Sec. IV we review the relevant modes for the analysis we wish to develop, mainly the Minkowski, Unruh and Rindler Modes. In Sec. V we review the transformation of the states we wish to study to the Rindler basis. In Sec. VI we present and discuss the mutual information, a result already known from [2] . In Sec. VII we discuss locally accessible and locally inaccessible informations and plot all such correlation measures together to show the correlation redistribution. In Sec. VIII we present the entanglement of formation and its role as a quantifier of correlation redistribution. Finally in Sec. IX we give the final remarks and conclusions.
II. OBSERVERS AND REFERENCE FRAMES
Two inertial observers, Alice and Bob, observe two Unruh modes u i and u j of a massless Klein-Gordon field. Alice is supposed to carry a detector sensitive only to the frequency ω i of mode u i whereas Bob is supposed to carry a detector sensitive only to frequency ω j of mode u j . The state of the system is supposed to be a maximally entangled state
It is fundamental to understand here that this is a bipartition with respect to modes. The fact that Alice's detector can only detect frequency ω i and not ω j implies that she has no access to the subsystem that Bob has access and vice-versa. In particular, any information Alice is able to gather about the mode u j is through correlations. One now introduces a Rindler observer, living on the right Rindler wedge U I , Rob, which also carries a detector sensitive only to frequency ω j . It is fundamental here that one is working with Unruh modes. In that case, a mode which for the inertial observer has some frequency ω, has the same frequency ω for the Rindler observer [2] . In that setting, inasmuch as Bob, Rob only observes mode u j . But since we have the two disconnected Rindler wedges, U I and U II , isolated from each other by causal horizons, the transformation from the inertial basis to the Rindler basis introduces one additional bipartition between the two regions, c.f. Eq. (1). While Rob can only access the part of the state of mode u j associated to U I a symmetric Rindler observer on the left Rindler wedge U II can observe the complementary part. The introduction of said observer has been done in Ref. [2] , where he is conventionally called AntiRob. Hence the setup is that of a tripartite quantum state observed by three observers: Alice, Rob and AntiRob, the first being inertial, and the other two being uniformly accelerated, living respectively on regions I and II. Alice carries a detector sensitive only to mode u i whereas Rob and An-tiRob carry detectors sensitive only to mode u j . In that sense, the state, which when probed by Alice and Bob was naturally bipartite -a bipartition between modes u i and u j , now when probed by Alice, Rob and AntiRob is naturally tripartite -a bipartition between modes u i and u j with a second bipartition between regions U I and U II affecting the modes u j subsystem. That is the setup of Ref. [2, 3] which we consider.
In [2] , the author considered the evaluation of the mutual information of the three possible bipartite subsystems and the negativity as a measure of entanglement. The negativity of the bipartitions between Alice-Rob and Alice-AntiRob was seem to decrease to zero in the infinite acceleration limit, which corresponds to the near-horizon limit. The authors concluded that an entanglement degradation existed due to the horizon and supposed that there remain no quantum correlations on the near-horizon limit, since the negativity vanishes in said situation. Moreover the authors found that the negativity for the bipartition between Rob-AntiRob, i.e., between the observers separated by the causal horizon, increased in the near-horizon limit. They noticed, however, that this entanglement is not useful as a resource because these two observers are forbidden classical communication. In [3] , the author evaluated the quantum discord of the state probed by Alice and Rob. The main conclusion was a comparison to the negativity and the observation that even though the negativity vanishes on the near-horizon limit, the quantum discord does not, signaling that there are still quantum correlations in that limit, which are not captured by the negativity.
III. BASIC CANONICAL QUANTIZATION IN CURVED SPACETIMES
We shall review the most basic approach to the canonical quantization of a Klein-Gordon field in a globally hyperbolic spacetime. We just give the basic definitions and results, referring the reader to [9, 10] for a complete account of the subject.
Let (M, g) be a globally hyperbolic spacetime and φ be a real, minimally coupled Klein-Gordon field on said background [11] . The dynamics of φ can be encoded in the La-grangian density
The equation of motion deriving from this Lagrangian is the well-known Klein-Gordon equation
Given a Cauchy surface Σ ⊂ M , with normal vector field n µ and induced metric h, we can describe this system in the canonical formalism [10] . In particular, the φ(x), for x ∈ Σ, act as the coordinates, and the conjugate momenta are π(x), given by [10] :
Canonical quantization therefore amount to finding a Hilbert space on which operators φ(x), π(x) act satsifying the equaltime canonical commutation relations
A manner of doing so is to expand the field into modes. In particular, recall that we can define, on the space of solutions to the Klein-Gordon equation, the bilinear form
which satisfies all axioms of an inner product except that it is not positive-definite. One then introduces a set of the so-called mode functions {u i , u * i } such that
and such that any real solution φ to Eq. (5) can be uniquely expanded as
Turning φ(x) to operators would then amount to turning a i to operators. One may further argue [9] that the canonical commutation relations (7) are equivalent to the commutation relations
This justifies a Fock space picture on which we have a vacuum state |0 defined by
Being more explicit, the one-particle space is taken as the Hilbert space completion of the space of solutions spanned by just the {u i }, without the complex conjugates, with inner product being the restriction of the Klein-Gordon form (, ) to that subspace. The Hilbert space of the theory is the bosonic Fock space construct based on said one-particle Hilbert space [10, 11] . The interpretation of the construction lies in the observation that if the u i are positive-frequency with respect to a family of observers following the integral lines of a timelike future-directed normalized vector field Z, meaning that there are ω i ∈ [0, +∞) satisfying
then the states |1 i = a † i |0 are states containing just one particle with energy ω i .
In general there is not a preferred choice of mode functions {u i , u * i } as there is no privileged notion of time in an arbitrary spacetime. It is important therefore to relate the constructions obtained by two distinct choices of mode functions {u i , u * i } and {ū i ,ū * i }. This may be accomplished by expanding one set in terms of the other set:
in terms of the Bogolyubov coefficients α ij , β ij [9] . These coefficients, which can be straightforwardly computed using Eq. (9) to be
allow to establish a relation between the annihilation and creation operators a i , a † i of the first quantization andā i ,ā † i of the second quantization. The relation, which, in this approach, is the central aspect of the comparisson of the two quantizations, is given bȳ
It immediately follows from Eq. (16) that if |0 is the vacuum of the first quantization then, in general,ā i |0 = 0, so that it does not coincide with the vacuum |0 of the second quantization. The two vacua coincide if and only if β ij = 0, which in turn happens when eachū i is a combination of only positive frequency modes of the first quantization. This is the straightforward treatment taken in many references, for instance in [9] . A more rigorous treatment is presented in [10] .
IV. MINKOWSKI, UNRUH AND RINDLER MODES
We now briefly review the modes of importance for the analysis we wish to develop. Consider now the twodimensional Minkowski spacetime (M, η) with the flat metric (η µν ) = diag(−1, 1). Let a real massless Klein-Gordon field φ be given. We wish to quantize the field according to the ideas of the previous section. Minkowski spacetime, however, has a timelike Killing vector field, and hence has a class of distinguished observers whose four-velocity is proportional to the Killing field, namely the inertial observers. To quantize the field in appropriate manner to this class of observers one chooses modes which are positive frequency with respect to the inertial observers. A natural family of such modes are the plane waves
where the superscript M indicates these are Minkowski modes. These modes define the usual Minkowski quantization used in most flat-spacetime Quantum Field Theory textbooks [12] [13] [14] [15] . They are labelled by a real number k ∈ R and divide in two classes: the left-moving solutions with k < 0 and the right-moving solutions with k > 0. Employing these modes, the field expands as
and it is evident that decomposing the integral on the regions k < 0 and k > 0 we may write
where φ − and φ + are, respectively, the parts of the integral with k < 0 and k > 0. This equation tells that in the quantum theory the two sectors decouple and can be studied independently [16] . Now let us consider one eternally uniformly accelerating observer, also known as a Rindler observer, living in the right Rindler wedge U I defined in the introduction. We can choose coordinates (η, ξ) on U I adapted to the worldlines of such observers, given by t = 1 a e aξ sinh(aη), z = 1 a e aξ cosh(aη).
In terms of these coordinates the appropriate modes for the right Rindler observer are the modes
where now the superscript I indicates these are Rindler modes on the right Rindler wedge. We wish to compare the two quantizations, but the Minkowski observer also probes degrees of freedom in the left Rindler wedge. Because of that, we also need to consider Rindler modes for a Rindler observer supported in that region. We similarly introduce in region U II coordinates (η, ξ), denoted by the same symbols as those in region U I , which relate to the Minkowski coordinates by t = − 1 a e aξ sinh(aη), z = − 1 a e aξ cosh(aη).
Using these coordinates the appropriate mode functions for the left Rindler observer are the modes
The modes u I k and u II k are at first defined just on U I and U II , but if we set u I k to be zero on U II and u II k to be zero on U I , then the set of modes {u
} taken together allow us to expand the general solution to the Klein-Gordon equation as
(24) If we consider the space of solutions spanned by just the positive-frequency modes {u I k , u II k } then it is clear that its Hilbert space completion is a direct sum H I ⊕ H II where H I is the space spanned by just the {u I k } and H II is the space spanned by just the {u II k }. It follows immediately that, for the Rindler quantization, the Fock space is a tensor product
In particular the Rindler vacuum |0 R decomposes as a product
We wish to compare the quantizations, which would entail the computation of the Bogolyubov coefficients relating the Rindler modes and Minkowski modes. There is, however, a workaround, which will be further relevant for the informational analysis. The idea, due to Unruh [1] , is to find a new set of modes which reproduces the Minkowski quantization, but which transform more simply in terms of the Rindler modes [2] . The appropriate modes are the so-called Unruh modes, defined by 
where one has introduced the squeezing parameter α ω and where ω = |k| as already explained. Since the Unruh quantization agrees with the Minkowski one, they share the same vacuum |0 M and the Minkowski vacuum may be defined by the equation 
Upon recalling the definition of the squeezing parameter, Eq.
(2), one is able to find out that this is, in fact, a thermal density operator with temperature, in natural units, T = a 2π . This result is the Unruh effect, stating that the Minkowski vacuum is perceived as a thermal mixed state for Rindler observers living in either the right or left Rindler wedges.
V. STATES IN THE RINDLER BASIS
Following previous works on the subject [2, 3] , the first step to perform the analysis is to expand the mode u j part of the state in Eq. (3) into a basis appropriate for the Rindler observers. This can be done employing the transformation of the Minkowski vacuum, Eq. (1), together with the transformation of the creation and annihilation operators of Unruh modes to creation and annihilation operators of Rindler modes, which can be done with the general transformation, Eq. (16), together with the concrete Bogolyubov coefficients, Eq. (29). This last step gives the one-particle Unruh state:
where α j is the squeezing parameter associated to the frequency ω j of mode u j . The fact that the transformation does not change the frequency, but only the occupation numbers, leading a monochromatic state to another monochromatic state, is the reason to use Unruh modes for this analysis. With this data, following the notation of [2] , let ρ AR , ρ AR , ρ RR be the bipartite states of the subsystems probed by Alice-Rob, Alice-AntiRob and Rob-AntiRob. Employing the above transformations, the states in the Rindler basis are seem to be
In that same way, one may further obtain the states of the three subsystems probed individually by Alice, Rob and An-tiRob. It gives
tanh 2n α j 1 + n + 1 cosh 2 α j |n II j n|.
(38)
VI. MUTUAL INFORMATION
Let ρ AB be a bipartite state and let ρ A = Tr B ρ AB and ρ B = Tr A ρ AB be the marginal states of the two subsystems, A and B, respectively. The mutual information is defined to be
where S(ρ) is the Von-Neumann entropy of the density operator ρ. The mutual information quantifies the total correlations between the two parts. If we have a tripartite pure state ρ ABC = |ψ ψ| then we can extract three marginal bipartite states from it, ρ AB = Tr C ρ ABC , ρ AC = Tr B ρ ABC , and ρ BC = Tr A ρ ABC . In that case, the fact that ρ ABC is pure implies the equalities
and this implies that the evaluation of the mutual information for such bipartite states reduces to the problem of evaluating the Von-Neumman entropies S(ρ A ), S(ρ B ), S(ρ C ). For the concrete problem we considered, all the states ρ A , ρ R , ρR of the individual subsystems are diagonal in the Rindler occupation number basis. This means that evaluating the Von-Neumman entropies can be done straightforwardly. The results are shown in Fig. (2) . From these entropies the mutual informations can be straightforwardly obtained as well. The result is shown in Fig. (3) . In Fig. (3) we see that the higher the squeezing parameter the more the correlations of the bipartition between the Minkowski and Rindler observer on the right Rindler wedge decrease and the more the correlations between the Minkowski and Rindler observer on the left Rindler wedge increase. Moreover, this follows a conservation law [2] . In fact, we have from Eqs. (39) and (40a), but it follows immediately from Eq. (36) that S(ρ A ) = 1 and we find
which works as a conservation law, which is obeyed as a correlation transfer from the bipartition ρ AR to the bipartition ρ AR . The meaning of this redistribution of correlation will become clear as we discuss the distinction of classical and quantum correlation in what follows.
VII. LOCALLY ACCESSIBLE AND INACCESSIBLE INFORMATION
Let again ρ AB be a bipartite state. The mutual information quantifies the total amount of information contained in the correlations between the two parts. One may ask how much of such information is locally accessible to each part by local measurements. This is quantified by the Locally Accessible Information (LAI), also known as Classical Correlations. To define it, suppose we wish to find how much information is accessible locally to B by local measurements. In that case the LAI is defined to be
where the maximum is taken over all possible projective measurements on the B subsystem. For each measurement Π the probabilities are p λ and the post-selected states of the A subsystem are ρ λ A (in other words, one takes the post-selected state of the composite system and traces B out). In the notation the arrow points away from the system being measured. This quantity measures the maximum decrease in the uncertainty of the state of A that a measurement in B might impart, that being the reason why it is called Locally Accessible Information. The reason for the name Classical Correlations lies in the fact that J ← (ρ AB ) satisfies properties that a quantifier of exclusively classical correlations should satisfy.
Associated to the LAI there is the Locally Inaccessible Information (LII). The idea is that it should quantify the amount of information contained in the correlations which cannot be accessed locally through measurements. Since I(ρ AB ) quantifies the total correlations, this can be defined straightforwardly as
This quantity is also known as the quantum discord and, inasmuch as J ← (ρ AB ) quantifies the classical part of the correlations, it quantifies the quantum part of the correlations. It can be seem from the definitions Eqs. (43) and (44) that both quantities can be very hard to be computed due to the optimization they require. For a special case there is a simplification, that being the central idea of the method employed in [3] . The idea is that if a bipartite state ρ AB has one part which is effectively two-level, by which we mean it is written as
then one may focus on the measurements in B which lie in the subspace spanned by the basis operators |a b| for a, b = 0, 1. In that case, the measurements are represented by 2 × 2 projectors and this enables to parameterize them by points on a sphere. Concretely, every measurement of interest consists of two projectors Π ± (x) for x ∈ S 2 given by
where σ = (σ 1 , σ 2 , σ 3 ) is a vector whose components are three operators whose matrix representations are the Pauli matrices. In that case, J ← (ρ AB ) may be obtained by an optimization over S 2 and D ← (ρ AB ) may be obtained from it.
Considering the concrete state we are working with, there are two bipartitions to which the method applies, namely the bipartitions between Alice-Rob and Alice-AntiRob. The subsystem which is effectively two level is that of Alice, i.e., of the inertial observer, and hence the method allows to compute the LAI and LII for measurements made on the subsystem probed by the inertial observer. In other words, we are able to plot the LAI J → (ρ AR ) and J → (ρ AR ), and the LII D → (ρ AR ) and D → (ρ AR ). We plot, in Fig. (4) , all correlations -mutual information, LAI and LII -for the Alice-Rob bipartition, with measurements carried out by Alice as a function of the squeezing parameter. Remark that the classical and quantum correlation differ quantitatively, while showing a similar behavior. We plot the same, in Fig. (5) , for the Alice-AntiRob bipartition.
Finally, to discuss the results, it is very instructive to plot all correlations measures (LAI, LII and mutual information) for the two bipartitions together. Doing so, using different colors for each bipartition we obtain the plot shown in Fig. (6) . There, the blue lines correspond to the bipartition between the inertial observer and the right Rindler observer, with the classical correlations and quantum discord characterizing respectively the locally accessible and locally inaccessible information for the inertial observer. The red lines are the plots for the bipartition among the inertial observer and the left Rindler observer and now the classical correlations and quantum discord characterize respectively the locally accessible and locally inaccessible information for the inertial observer. The case of zero acceleration and hence zero squeezing parameter is obviously the case in which we are considering just inertial observers. Hence we clearly see in the plot that when there is a non-zero acceleration, compared to the situation in which there is not, a trade-off of the correlations occur.
VIII. ENTANGLEMENT OF FORMATION
Entanglement of formation is a measure of entanglement for mixed states that satisfies the basic requirements one would expect of an entanglement measure [17] . If ρ AB is such 
where the infimum is taken over the set of all ensembles of pure states that realize ρ AB . This measure has an operational interpretation that makes it valuable for applications. Still, in the present case, it is worth considering it because of its special connection to LAI and LII [4] [5] [6] .
This connection lies in the relation that if ρ ABC = |ψ ψ| is a tripartite pure state, then the entanglement of formation of the AB subsystem is connected to the LAI of the AC subsystem by means of the equation
By varying the subsystems one obtains other equations like that [4] . This relation has been employed in [5] in order to obtain an important monogamy relation between entanglement of formation and quantum discord. This relation has a very important impact on the interpretation of what entanglement of formation is quantifying. By rewriting the equation as
and recalling that J ← (ρ AC ) is the information contained in the correlations between A and C locally accessible to C by measurements, and recalling that S(ρ A ) is the uncertainty in the state of A, we see that when E F (ρ AB ) = 0, all the information is locally accessible, and when E F (ρ AB ) > 0 the locally accessible information decreases. In that setting, E F (ρ AB ) signals a correlation redistribution by which an observer of C alone looses access to information contained in the correlations of its state with that of the A subsystem. This interpretation of E F (ρ AB ) demands no "entanglement as a resource" argument, and is available even if the subsystems A and B are separated by a causal horizon and the corresponding observers are forbidden classical communication. Eq. (48) immediately implies that if C is effectively twolevel, in the sense of Eq. (45), then the method of [3] , which we have outlined in the previous section, allows for the evaluation of J ← (ρ AC ), and hence of E F (ρ AB ). For the concrete problem we are considering, the only effectively two-level state is that of the subsystem probed by the inertial observer alone, which corresponds to the mode u i of the field. This allowed us the evaluation of J → (ρ AR ) and J → (ρ AR ). Both LAIs, on the other hand, lead to the same entanglement of formation, because the entanglement of formation is symmetric, i.e. E F (ρ RR ) = E F (ρR R ). The obtained entanglement of formation is shown in Fig. (7) and we notice that it matches the overall behavior of the negativity computed in [2] .
We must stress that considering that the state ρ RR is relatively complex (c.f. Eq. (35)) it is remarkable that we are able to compute the entanglement of formation, which is defined by a very difficult optimization, by just optimizing over two angles!
IX. DISCUSSION AND CONCLUSIONS
We revisited the analysis of correlations of a two-mode state of a massless Klein-Gordon field which, for two inertial observers, Alice and Bob, is maximally entangled, when Bob is replaced by the Rindler observers Rob and AntiRob on respectively the right and left Rindler wedges. Our focus has been on informational quantities: the locally accessible and locally unaccessible informations, and the entanglement of formation directly connected to the previous two.
We built upon the method of [3] and evaluated both LAI and LII for both the Alice-Rob and Alice-AntiRob bipartitions and found a correlation redistribution associated to both quantities. Moreover, the ideas of [4] [5] [6] allowed us to use these results to evaluate the entanglement of formation for the Rob-AntiRob bipartition. Given its relation to LAI and LII we are led to interpret it as a quantifier of the correlation redistribution. Our conclusion is that the causal horizon affecting the Rindler observers impart a correlation redistribution on the system when compared to the situation on which it is probed by two observer that neither perceive such causal horizon. Furthermore, the correlation redistribution imparted by the causal horizon seems to be quantified by the entanglement across the horizon. In that sense, even though such entanglement cannot be employed as a resource for any quantum computation task because the Rob-AntiRob bipartition is deprived of classical communication, the Entanglement of Formation is an important measure for quantification of the information content in accelerated frames in a consistent way. In fact, this approach seems highly significant for the investiga-tion of Hawking radiation in Black Hole evaporation and the distribution of information content -a problem which is to be discussed elsewhere.
